In this paper, polynomial least square method (PLSM) is applied to find approximate solution for nonlinear oscillator differential equations. We illustrate that this method is very convenient and does not require linearization or small parameters. Comparisons are made between the results of PLSM and other methods in order to prove the accuracy of the PLSM method.
Introduction
The evaluation of oscillations is essential in every physical system in which they occur. These oscillations are modeled by nonlinear oscillator differential equations and these equations have a great sensitivity to initial conditions. The study of nonlinear oscillator differential equations presents a large interest due to their large number of applications in diverse fields of engineering [17] . For these reasons the study of solutions of such equations is essential. Since in most of the cases the exact solutions cannot be found, approximate solutions must be computed. In order to find approximate solutions of these equations, many approximate analytical and numerical methods were proposed such as:
• homotopy perturbation method [12] ;
• harmonic balance method [2, 3, 21] ;
• adomian decomposition method [9] ;
• variational formulation method [13, 16] ;
• variational iteration methods [8, 14, 18] ;
• pseudo-spectral method [20] ;
• Rayleigh-Ritz method [11] ;
• parameter-expansion method [4, 22] ; • energy-balance method [5, 7, 14] ;
• amplitude-frequency formulation [4, 6] ;
• homotopy analysis method [19] ;
• max-min approach [4] ;
• optimal homotopy asymptotic method [10] ; This paper considers the following general nonlinear oscillator differential equation:
subject to initial conditions:
Here, f is a nonlinear continuous function, t ∈ R, α, β ∈ R. We applied the polynomial least square method (PLSM) to find approximate solutions for this second order nonlinear oscillator.
The polynomial least square method
We present the application of PLSM to the general problem (1.1)-(1.2). For the problem (1.1)-(1.2) we consider the operator:
If u app is an approximate solution of the equation (1.1), the error obtained by replacing the exact solution u with the approximation u app is given by the remainder:
We will find approximate polynomial solutions u app of (1.1)-(1.2) on the [0, b] interval, solutions which satisfy the following conditions: 
Definition 2.3.
We consider the sequence of polynomials P m (t) = a 0 + a 1 t + ... + a m t m , a i ∈ R, i = 0, 1, ..., m satisfying the conditions:
We call the sequence of polynomials P m (t) convergent to the solution of the problem
We will find a weak -polynomial solution of the type:
where the constants c 0 , c 1 , ..., c m are calculated using the following steps:
• By substituting the approximate solution (2.3) in the equation (1.1) we obtain the following expression: .3) we obtain the exact solution of (1.1)-(1.2). In general, this situation is rarely encountered in polynomial approximation methods.
• Next we attach to the problem (1.1)-(1.2) the following real functional:
where c 0 , c 1 are computed as functions of c 2 , c 3 , ..., c m by using the initial conditions (2.5).
• • Using the constants c 0 0 , c 0 1 , ..., c 0 m thus determined, we consider the polynomial:
The following convergence theorem holds.
Theorem 2.4.
If the sequence of polynomials P m (t) converges to the solution of the problem (1.1)-(1.2), then the sequence of polynomials T m (t) from (2.7) satisfies the property:
Moreover, for all > 0, there exists m 0 ∈ N such that for all m ∈ N, m > m 0 , it follows that T m (t) is a weak -approximate polynomial solution of the problem (1.1)-(1.2).
Proof. Based on the way the coefficients of polynomial T m (t) are computed and taking into account the relations (2.4)-(2.7), the following inequality holds:
It follows that 0 lim
We obtain
From this limit we obtain that for all > 0, there exists m 0 ∈ N such that for all m ∈ N, m > m 0 , it follows that T m (t) is a weak -approximate polynomial solution of the problem ( Taking into account the above remark, in order to find -approximate polynomial solutions of the problem (1.1)-(1.2) by PLSM we will first determine weak approximate polynomial solutions,ũ app . If |R(t,ũ app )| < , thenũ app is also an -approximate polynomial solution of the problem.
Applications

Application 1: Van der Pol oscillator
The first application is the Van der Pol oscillator [1] :
with the initial conditions u(0) = 0, u (0) = 1. The exact solution of this equation is u(t) = sin(t). Using the polynomial least square method we performed the following 7-th degree approximate polynomial solution of equation (3.1): Table 1 presents the comparison between the absolute errors (as the difference in absolute value between the approximate solution and the exact solution) corresponding to the approximate solution obtained using the homotopy perturbation method (HPM), to the approximate solution obtained by variational iteration method (VIM) [1] and to our approximate solution obtained by PLSM. It is easy to see that the approximate solution given by PLSM is much closer to the exact solution than the previous ones: the approximate solution given by HPM, and the approximate solution given by VIM [1] .
Application 2: nonlinear oscillator
We consider the nonlinear oscillator differential equation [1] :
with the initial conditions u(0) = 2, u (0) = 0. The exact solution of the above equation is u(t) = 1 + cos(t). Using the steps described in the previous section we perform the following 7-th degree approximate polynomial solution by PLSM:
Table 2 presents the comparison between the absolute errors corresponding to the approximate solution obtain by HPM, to the approximate solution given by VIM [1] and our approximate solution obtained by PLSM. 
Application 3: unforced Duffing oscillator
Consider the unforced Duffing oscillator differential equation [15] :
with the initial conditions u(0) = 0, u (0) = 1.6376. The 7-th degree approximate polynomial solution by PLSM is:
The comparison (for Application 3.3) between the absolute errors (as the difference in absolute value between the approximate solution and the numerical solution) corresponding to the approximate solution obtained using the Haar wavelet method (HWM) from [15] , and to our approximate solution obtained by PLSM, is given in Table 3 . 
Application 4: forced Duffing oscillator
Consider the forced Duffing oscillator differential equation [15] :
with the initial conditions u(0) = 0, u (0) = −2.7676. The 7-th degree approximate polynomial solution by PLSM is:
The comparison (for Application 3.4) between the absolute errors (as the difference in absolute value between the approximate solution and the numerical solution) corresponding to the approximate solution obtained using the Haar wavelet method (HWM) from [15] , and to our approximate solution obtained by PLSM, is given in Table 4 . 
Application 5: unforced Duffing-Van der Pol oscillator
Consider the unforced Duffing-Van der Pol oscillator [15] :
with u(0) = 2, u (0) = 0. The 7-th degree approximate polynomial solution by PLSM is:
The comparison (for Application 3.5) between the absolute errors (as the difference in absolute value between the approximate solution and the numerical solution) corresponding to the approximate solution obtained using the Haar Wavelet Method (HWM) from [15] , and to our approximate solution obtained by PLSM, is given in Table 5 . 
The choice of ε = 1, δ = −0.1, β = 0.1, µ = −0.5, α = 0.5 with the initial conditions u(0) = 1, u (0) = 0 leads to the 7-th degree approximate polynomial solution by PLSM:
+ 0.00137076 · t 7 . Table 6 presents the HW solution, PLSM solution and the errors corresponding to our approximate solution given by PLSM.
Application 7: unforced Van der Pol oscillator
Consider the unforced Van der Pol oscillator [15] :
The 7-th degree approximate polynomial solution computed with PLSM is: Table 7 presents HW solution, PLSM solution and the absolute errors corresponding to the approximate solution given by PLSM. 
Conclusions
In this work the polynomial least squares method (PLSM) was successfully used to obtain analytical approximate polynomial solutions for second order nonlinear oscillators. The results obtained by using PLSM were compared to results obtained by using the homotopy perturbation method (HPM), the variational iteration method (VIM) or the Haar wavelet method (HWM). The calculations illustrate the accuracy of the presented method and show that PLSM is a straightforward and efficient method to compute approximate solutions for nonlinear oscillator differential equations.
